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Abstract 

We obtain an asymptotically AdS, non-extremal, electrically charged and rotating black hole 
solution of 4-dimensional U(l)^ gauged supergravity with 2 non-zero and independent U(l) 
charges. The thermodynamical quantities are computed. We find BPS solutions that are 
nakedly singular. The solution is generalized to include a NUT parameter and dyonic gauge 
fields. The string frame metric has a rank-2 Killing-Stackel tensor and has completely inte- 
grable geodesic motion, and the massless Klein-Gordon equation separates for the Einstein 
frame metric. 



1 Introduction 



The AdS/CFT correspondence has motivated the construction of asymptotically AdS black 
holes, which may be understood in terms of a boundary field theory. In particular, we 
know many examples of AdS black hole solutions of gauged supergravity theories in a variety 
of dimensions; see [U |2] for a review. Supersymmetric black holes are of special interest, 
because then the correspondence is on a firmer footing. However, supersymmetric AdS black 
holes must rotate, and including rotation makes the construction of solutions considerably 
more complicated. More generally, non-extremal AdS black holes are also of interest for 
understanding the AdS/CFT correspondence at non-zero temperature. 

The construction of charged and rotating AdS black holes in gauged supergravities with 
the maximum number of independent angular momenta and U(l) charges remains an open 
problem. Restricting to abelian gauge fields, the relevant theories in spacetime dimensions 
D = 4,5,7 are have respective gauge groups U(l)'^, U(l)^, and U(l)^. In gauged supergravity, 
unlike ungauged supergravity, there are no solution generating techniques available for the 
construction of charged and rotating black holes. Therefore, constructing these black holes 
requires guesswork, inspired by the structure of known solutions. 

To better understand their structures, a most basic example of an asymptotically AdS, 
charged and rotating black hole in gauged supergravity was recently constructed [3]. This is 
a solution of 4-dimensional U(l)'^ gauged supergravity with only 1 non-zero U(l) charge. The 
other known asymptotically AdS, charged and rotating black hole solutions of this theory 
are the Kerr-Newman-AdS solution [H [S] , which has all 4 charges equal, and a more general 
solution with the 4 charges pairwise equal [B]. In this paper, we continue to take advantage of 
the simplicity of this low dimension and obtain an AdS black hole solution of 4-dimensional 
U(l)^ gauged supergravity with 2 non-zero and independent U(l) charges. 

However, the motivation for constructing this 2-charge solution extends beyond 4 dimen- 
sions. For arbitrary dimension, there is the 2-charge Cvetic-Youm solution [7], which repre- 
sents a rotating black hole with the maximum number of independent angular momenta and 2 
non-zero U(l) charges. In particular, it is a solution of ungauged supergravity in Z) = 4, 5, 7. 
If both U(l) charges are equal, then the solution simplifies considerably [8]. The equal charge 
simplification persists with the inclusion of gauging, regardless of dimension. These equal- 
charge AdS black holes in D = 4 D = 5 [9j,-D = 7[8j, and also a solution in D = 6 [TU] . 
can be written in a fairly unified manner. We therefore expect that the AdS black hole with 
2 independent U(l) charges in D = 4 will be a useful guide for constructing AdS black holes 
with 2 independent U(l) charges in D = 5 and D = 7. 

The outline of this paper is as follows. In Section 2, we present a charged and rotating 
solution of 4-dimensional U(l)^ gauged supergravity with 2 independent and non-zero U(l) 
charges and 2 zero U(l) charges. We compute the thermodynamic quantities. Although 
there are BPS solutions, they are nakedly singular. In Section 3, we generalize by including 
a NUT parameter and allowing for magnetic charge, obtaining dyonic solutions. In Section 
4, we present a rank-2 Killing-Stackel tensor for the string frame metric. We demonstrate 
explicitly the separability of the Hamilton- Jacobi equation for geodesic motion in the string 
frame metric and the massless Klein-Gordon equation in the Einstein frame metric. We 
conclude in Section 5. 
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2 Kerr— AdS with 2 electric charges 



The Kerr-AdS metric [HE] is an uncharged, rotating black hole solution of Einstein gravity 
with a cosmological constant. We shall generalize it as a solution of 4- dimensional 11(1)"^ 
gauged supergravity by including 2 non-zero and independent U(l) charges, first allowing 
only electric, not magnetic, charge. Then, we shall study the thermodynamical quantities 
and BPS solutions. 



2.1 U(l)^ gauged supergravity 

The maximal 4-dimensional A/" = 8, S0(8) gauged supergravity can be consistently truncated 
to U(l)^ gauged supergravity, which is A/" = 2 gauged supergravity coupled to 3 abelian vector 
multiplets. The bosonic fields of this truncation are the graviton Qat, 4 U(l) gauge fields ^[i), 
3 dilatons (fi and 3 axions Xij with I = 1,2,3,4 and i = 1,2,3. The bosonic Lagrangian, 
which was given in [11], can be written as 

1 ^ 1 ^ 

C = R^1-- A d^. + e-''^' ^ dx. A dx.) - -J2 ^ ^(2) ^ F{2) 

i=l 1=1 

The 2-form field strengths are 

-^(2) = dA(^), 

Fg) = dA^i) + X2 dAfi) - X3 dAji) + X2X3 dAfi), 
Ff2) = dAfi)+X3dA;i), 

= d4)-X2d4), (2.2) 

and we have used the dilaton combinations 

X/ = exp(-ia/ ■ 93), = (v?i,v22,V23), (2.3) 

with 

ai = (1,1,1), a2 = (1,-1,-1), a3 = (-1,1,-1), a4 = (-1, -1, 1). (2.4) 
The potential is 

3 

V = -g" 5^(2 cosh + x,'e-'^0- (2-5) 

i=l 

We shall consider black hole solutions with 2 non-zero U(l) charges, and so truncate 
further by taking A^^^ = A^-^-j = 0, v?2 = V^3 and X2 = Xs = 0, denoting x = Xi- The remaining 
bosonic Lagrangian becomes 



£ = i? * 1 - ^ * d^i A d^i - ^e-2'^i * dx A dx - ^d^2 A dv92 - ^ ^/'^ ^ ^(2) ^ ^(2) 

1=1 

+XFI,)AFI,)-V^1, (2.6) 
where F^^) = '^^[i)' with I = 1,2, and now 



Xi = e-^'^^~^\ X2 = e-^^/2+^^ 

V = -g\e'^' + e-^' + 2e'^^ + 2e-'^^ + x^e''^^). (2.7) 
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The resulting field equations are 

(2.8) 

and 

^^^^^,-2^,p2ab^ = lef'-'i-(V,x)i^'de, 

= \e^^+^^'^F"'''F\b + ie'^i-^'^^F^^^F^b - e^^'^^Vx VaX - f'(e^' - e"^^ - xV'^'), 

V„(e-2^iV«x) = ie^'^^'i^^bi^'cd - 2/xe-^^ (2.9) 
Prom the field equations for F^2) i we introduce the dual field strengths and potentials 

diji) = F(^2) - * ^(2) - X^(2), diji) = ^(1) = ^2-' * ^(1) - X4)- (2-10) 
2.2 Black hole solution 

A rotating black hole solution with 2 independent U(l) charges is 

ds' = . ^ ( - (AeA, - V;2a2 gi^2 ^^)^^ ^^2 ^ _ gi^2 ^2 gi^2 ^ ^^2 



-2marciC2CiC2A0 sin^ ^ 2 dt dc^ + \/ H1H2 dr^ + ^ d^^^ , 

1 2mrsi / ^ dt _ 2 /i .2 2mrs2 f ^ . dt _ 2/id0\ 

= ^ ^2 ( ciC2Ae ^ - ac2Ci sm ^(1) = ^ ^2 ( C2C1 A^ ^ - aciC2 sm ^ ^ I > 

X, = i^-/^i^2^/^ X2 = i/|/^i/2-n ^^ 2ma.,.2Cosg ^ 
where 

A 2,2 o ,22 ,222 o 2222 a i 22 2 n 

A^ = r + a — Zmr + g r rir2 + a g r — Zmra g S]^S2, Ag = 1 — a g cos U, 
^ {1 + g^rri){l + g^rr2), ^ {1 + rri/a^){l + rr2/a^), ri^r + 2msj, 

B.J —\A -— ^, si — sinh 5/, cj = cosh 5/, c/ = a /l + a^g^s]^ 

V 

p2 = ^2 ^ ^2 ^^g2 S = l-aV- (2.12) 

We have presented the solution using asymptotically static Boyer-Lindquist-type coordi- 
nates. The azimuthal coordinate has canonical normalization, with period 27r. The temporal 
coordinate t also has canonical normalization, fixed because the spacetime is asymptotically 
AdS. If m = 0, then the coordinate change 

Sf=^ sin^ ^ = (r^ + a^) sin^ ^, ^^^2 q ^ ^2 ^^^2 ^2. 13) 

gives anti-de Sitter spacetime in the canonical form 

df^ 



ds' = -(1 + /f") de + — + f' de'' + sin' 9 d(f^\ (2.14) 

1 + g^r^ 
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The solution has 5 parameters: a mass parameter m; a rotation parameter a; 2 charge 
parameters, 5i and 62] and a gauge-couphng constant g. Without rotation, when a = 0, the 
solution reduces to a particular case of the 4-charge static solution [12j, but with only 2 of 
the 4 charges non-zero. Without any charge, when 61 = 62 = 0, the solution reduces to the 
4-dimensional Kerr-AdS metric |H [5]. With only 1 non-zero charge, say when 62 = 0, the 
solution reduces to the recently discovered 1-charge solution [3]. With both charges equal, 
when ^1 = ^2, the solution reduces to the gauged solution of [S], where the 4 charges are 
pairwise equal, but here with one pair of charges zero and one pair non-zero; we shall give 
the link more precisely later. 

Without gauging, when g = 0, the solution reduces to a 2-charge solution of Sen [13], up 
to global transformations of scalars and vectors. Note that Sen uses parameters a and /3 that 
are related to our Si and ^2 by a = 61 + 62 and (3 = 61 — 62- The ungauged solution can also be 
regarded as the 4-dimensional case of the 2-charge Cvetic-Youm solution [7j, or the 4-charge 
Cvetic-Youm solution [TJl [6] , but with only 2 of the 4 charges non-zero. A 3-charge ungauged 
solution [15] uses the Sen parameterization for 2 charge parameters, and our Cvetic-Youm 
parameterization for the third charge. With only 1 non-zero charge, say when 62 = 0, the 
ungauged solution reduces to the Frolov-Zelnikov-Bleyer solution [T^, presented there with 
V = tanh 61. 

To discover this new solution, we are helped by the structure of these limits, most signifi- 
cantly by the 1-charge solution [3] . One helpful feature is that the solution is invariant under 
the transformation 

1 r y m (j) . 

— ^, r — , — , m (p ^ gt, t ^ -, ^ agsj, (2.15) 

0-9 0,9 0-9 0-9 9 

where y = a cos 6. This is a discrete inversion symmetry, under which the rotation parameter 
a is inverted through the AdS radius 1/g. It is noteworthy that the symmetry interchanges gt 
and and interchanges cj and c/. The symmetry interchanges over-rotating solutions, with 
\ag\ > 1, and under-rotating solutions, with \ag\ < 1. This inversion symmetry was first found 
in [T7] for the 5-dimensional Kerr-AdS solution [IB] , then for the Kerr-NUT-AdS solutions of 
Einstein gravity in arbitrary dimension [19] , and more recently for the 4-dimensional 1-charge 
solution [3]. 

4-dimensional M = 8, S0(8) gauged supergravity is a consistent dimensional reduction of 
11-dimensional supergravity on 5*^ [20] • In principle, a solution of the 4-dimensional theory can 
be uplifted to a solution of the 11-dimensional theory, but in practice the general consistency 
proof is rather implicit. The explicit reduction ansatz is not known for the full 4-dimensional 
U(l)^ gauged supergravity, and so it is not known how to embed our general 2-charge solution 
into 11 dimensions. However, the reduction ansatz is known for two cases of relevance here. 
One relevant case is if the axions vanish [TT]; this suffices for embedding into 11 dimensions 
the 4-charge static solution [12] and the 1-charge rotating solution [5]. The second relevant 
case is = 4, SO (4) gauged supergravity [21]; this suffices for embedding into 11 dimensions 
the rotating solution where the 4 charges are pairwise equal [6], which includes taking 61 = 62 
in our 2-charge solution. 

2.3 Thermodynamics 

The outer black hole horizon is located at the largest root of A,.(r), say at r = r+. By 
assumption, the parameters of the solution are chosen so that we have a black hole rather 
than a naked singularity, so such a positive root exists. The angular velocity Q is constant 
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over the horizon and is obtained from the Kilhng vector 



that becomes null on the horizon. The electrostatic potentials $/ and surface gravity n are 
also constant over the horizon. They are given by evaluating on the horizon both = / ■ A^^^ 
and /^Vfe/" = and then the Hawking temperature is T = h/2tt. The angular momentum 
and electric charges are given by the respective Komar integrals 

J = 77- [ Q^ = ^ [ ^(2)' (2-17) 

where K = Kadx"" is the 1-form obtained from the rotational Killing vector K"" da = d/dcj). 
The horizon area A is obtained by integrating the square root of the determinant of the 
induced metric on a time slice of the horizon, and then the Bekenstein-Hawking entropy is 
S = A/ A. 

One finds that Td^ + QdJ + ^i d(5i + $2 d(52 is an exact differential, and so, as advocated 
by [22], we may integrate the first law of black hole mechanics. 



dE = Td5 + r]dJ + <l>idgi + $2dQ2, (2.18) 

to obtain the thermodynamic mass E. There are also several other definitions of mass for 
asymptotically AdS spacetimes in the literature; one is the AMD (Ashtekar-Magnon-Das) 
mass, defined for 4 dimensions [23j and higher [21]. One introduces a conformally rescaled 
metric g^i, = ^'^Qab such that on the conformal boundary both i7 = and df2 ^ 0. Its Weyl 
tensor is C°'bcd, and we define ria = da^- For an asymptotic Killing vector field K, which here 
is K = d/dt, there is an associated conserved quantity. In 4 dimensions the AMD mass is 

E = -^ [d^a n-'n'n''C\,,K\ (2.19) 

where dE^ is the area element of the S"^ section of the conformal boundary. See [2^ |2S] for 
many AMD mass computations for AdS black holes. For our solution, we take Q = 1/gr for 
definiteness. As r — )■ oo, the Weyl tensor component C^rtr behaves a^ 

CVi. = ^^(2H + 3aVsin'^)[l + |(l + aV)(s? + s^) + aVsiS2] + (^(;^) • (2.20) 

The conformal boundary has metric 

dsl = dt' + ^d6' + ^^ d02. (2.21) 

Substituting these into fl2.19p . we find that the AMD mass agrees with the thermodynamic 
mass. 



^We correct a typographical error in [3] here. 
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In summary, we find the thermodynamic quantities 

E=^[l + Ul + aV)(s? + si) + a'g^sjsl] 



S 
T 



H2 

tta/ {r\ + + 2msfr+)(r^ + + 2mslr^) 

— + 5(^r^(3r^ + Amslr^ + Amslvj^ + Am'^slsl + a^) 
47rr+ a/ + 0.^ + 2msfr+)(r^ + + 2mslr^) 



J _ CiC2CiC2ma ^ _ "^[1 + fl'^^+(^+ + 2msi)][l + g'^r+{r+ + 2ms2)] 



■^2 



2mr+CiC2CiC2 



^ _ msiCiC2 ^ _ 2msiCiC2r+ 

' '"'^ _L /72 _i_ O/rr) 



2S + + 2msf r+ 

ms2C2Ci ^ _ 2ms2C2Cir+ 
2S ' ^ ri + + 2ms|r+ 



^2 - ' - .2 , .2 , 0_.2^ • ^^-^^^ 



2.4 Supersymmetric solutions 

4-dimensional U(l)^ gauged supergravity is known to have supersymmetric AdS4 black holes. 
With 4 equal U(l) charges, they are known EZj amongst the Kerr-Newman-AdS family 
of solutions [U U] . With pairwise equal charges, they are known [2H] amongst the solutions of 

By considering eigenvalues of the Bogomolny matrix, the BPS condition, up to a choice 
of signs, is |28] 

E-gJ-Q^-Q2 = 0. (2.23) 
Expressed in terms of the parameters of our solution, this leads to 

cfcl + clcl - (1 - a? g'^){siCiC2 + S2C2C1) - 2agciC2CiC2 = 0. (2.24) 

This is solved by 

agsiS2 = 1, (2.25) 

provided that and 82 are positive; different signs for 5/ would also satisfy BPS conditions, 
but with some sign changes in 02.231) . Note that there are no BPS solutions if 1 of the 2 
charges vanishes. 

For a BPS solution, the radial function of the metric becomes 



i? = ( 2msiS2^r - — — ) + c/V + 2m(s? + s^)/r3 + ( 1 + ) r^. (2.26) 



1 

gSiS2 J \ SyS2 

Because is a sum of non-negative terms, it generically has no real roots, and so the solution 
has a naked singularity. If there is a root, then it is at r = r+, with r+ = l/2ms^S25'^. 
However, substitution back into R gives 



^\r=r+ - 4^2^4^6,6 (^4^2^2,2,2 + ^1^2^ , (2-27) 

which cannot vanish. Therefore, our 2-charge solution does not include supersymmetric AdS4 
black holes. Note the similarity with 5-dimensional U(l)^ gauged supergravity, where there 
are no supersymmetric AdSs black holes with 2 of the 3 U(l) charges zero, although there 
are with only 1 of the 3 charges zero Also, in 7-dimensional U(l)^ gauged supergravity, 
if the rotation parameters are all equal, then there are no supersymmetric AdSr black holes 
with 1 of the 2 U(l) charges zero [28]. 
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3 Generalizations 



We shall generalize our solution in two ways. Firstly, we shall include a NUT parameter. 
Secondly, we shall allow for magnetic charge, using global symmetries to generate dyonic 
solutions. 



3.1 NUT parameter 

A more general solution that includes a NUT parameter C. is 



2c,c,ZM^rY + iyR) ^ \ _^ / ^ 



a ^ J " ' ^ \ R Y 
.1 2mrsi f ~ 2 2n C2Ci(a2 - 
^(1) = 7T / 2 I 2\ ^1^2^ -g y ) — — 

■{ciC2{l + g r ) — — 



2 2mrs2 ( ~ I. 2 2N CiC2{a^ - y"^) d<p\ 

2£?/S2 (cc {I ' "^-^^ ciC2(r2 + a^) d0 



+ g^r^}-- 



x, = Hf'^H}i\ x, = hI"h;'", = ?(!!!l?_^!:l£i£i. (3.1) 

r2 + j/2 



where 



R = + — 2mr + g'^r'^rir2 + a^g'^r'^ — 2mra?'g'^s\s\^ rj = r + 2ms'j, 
Y = a^-y^ + 2iy + gVym -fgW + 2£ya2(72s2^2^ 2// = y + 2lsl 
= (1 + /rri)(l + /rrs), = (1 + rri/a2)(l + rra/a^), 
= (1 - - g''yy2). = (l - yyi/a2)(l - yy2/a^), 



2{mr + iy)sj ^ /i , 2 2 2 

-n/ = IH ^ , Sj = smhdi, Cj = coshd/, cj = + a g sj, 



y 

2 



S = 1 - a2^72. (3.2) 
The dual potentials ar^ 

71 _ 2mygi / , dt ciC2(a^ + rr2) d0\ 



H2{r'^ + y'^) \ S a E J 

2mys2 ( ~ i-[ 2 C2Ci(a^ + rri) d0 



'^''^ ^c,c2(i - g^y,)% - <^^^ikl^yyA^A\ . (3.3) 



^These differ by exact forms from those of [6]. 
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The coordinate change y = a cos 6 recovers Boyer-Lindquist-type coordinates. If a = 0, 
then we cannot use the coordinate y, but can remain with the 6 coordinate instead. If we 
let X = ir and replace m — )■ — im, then the solution is invariant under the simultaneous 
interchange of i and m and of x and y. The inversion symmetry fl2.15p persists, provided that 
the NUT parameter transforms as £ — > l/a^g^. 

In the equal charge case 6i = 52-, the metric in particular simplifies, becoming 

2 R f I, 2 a'^-yiy d^y Hi{r^ + y^) ^ 

+y )\ ^ a ^ J R 

Y f dt nr + aM ^V , H,ir' + y') ^ , 

''1+grir) — —] H dy , (3.4) 



Hi{r^ + y^) y " ' ' E a E J Y 

with the various functions defined as before. If we let 
(l + s2)(l + aVs?) l + s[^ 



r,l 2 



msi = ms[\ tsi = e's[\ (3.5) 



and then drop the primes, then all the parameters of the solution, in particular m, i and 6, 
agree with the parameters originally given in [6] when the 4 charges are pairwise equal, setting 
one pair of charges zero. However, note that in [6] the coordinates t and (j) are not canonically 
normalized and asymptotically static; they are related to the t and (p coordinates here by a 
linear transformation. For the solution with 4 charges satisfying 6i = 62 and ^3 = 54 = 
and no NUT parameter i = 0, the thermodynamical quantities were computed in [2S], and 
naturally agree with those computed here in fl2.22p , once the parameters are related via (13. 5p . 
Correspondingly, the BPS condition (12.250 also agree^. 

To discover the more general solution that includes a NUT parameter, we are again helped 
by the structure of the various known limits, especially from the solution without any NUT 
parameter. In particular, if we let x = ir and replace m — )■ — im, then the solution is 
symmetric under the simultaneous interchange of i and m and of x and y. 



3.2 Dyonic gauge fields 

Without axions, the field equations resulting from the U(l)'^ gauged supergravity bosonic 
Lagrangian (12. ip are invariant under the electric/magnetic duality symmetry 

4) ^ ^ if, ^ -if,. (3.6) 

Including the axions, but considering only the ungauged theory, there are 3 SL(2,M) global 
symmetries [11] . These become manifest by dualizing 2 of the 4 gauge fields in the Lagrangian 
(12. ip . The gauged theory introduces a potential that breaks the SL(2, M) symmetries to U(l). 

Consider our truncation of the bosonic theory to 2 gauge fields in (12. 6p . Without gauging, 
one may dualize 1 of the 2 gauge fields to recognize the theory as a reduction of pure Einstein 
gravity on T^. This reduction is well-known as having an SL(2, M) global symmetry. It is also 
a reduction of a 5-dimensional "bosonic string theory"; see [2], for example. For definiteness, 
we choose to dualize F^2) ■ To obtain the dualized Lagrangian, we enforce the Bianchi identity 

dF(.2-) = by adding to the Lagrangian the term Aj^^-^ A dF^^-^ , considering Aj^^-^ as a Lagrange 

multiplier. Varying with respect to A^^^ gives the dual field strength dA^^^ = F^2) of (I2.10p . 

■^Note a typographical error in equation (5.11) of 28 , which should be e^^'^^^''^) = 1 + 2/ag. 



9 




Substituting for F^^^ and then integrating by parts, we have the dual Lagrangian 

£ = ^ 1 _ 1 ^ d<^i A d<^i - ^d<^2 A d<^2 - ie-^^-2^^ * (F^ ) + xF(2)) A (^(^2) + 

_lgV'i-2V2 ^ /\ ^2 ^ - r * 1. (3.7) 

The global symmetries of the Lagrangian become manifest when we write it as 

C=[R+ iTiidM"^ dM) - {8^2? - \q-''^^J='^ MT - V] ^ 1, (3.8) 

where 

in terms of which the potential is ^ = —g^i^xM. + 4cosh(y92)- Without any potential, the 
Lagrangian has a manifest global SL(2,]R) symmetry under 

T ^ {tJy^T, M AMA^, A G SL(2, M). (3.10) 

This implies that the potentials and dual potentials transform as 

these two sets of transformation rules are equivalent once the scalar transformation rules are 
taken into account. More explicitly, if 

A=(^^), ad-bc=l, (3.12) 

then the axidilaton complex scalar r = x + ie'^^ transforms as 

ar + b , ^ 

T -> -—- 3.13 

CT + a 

i.e. the dilaton and axion transform as 

_^ e-'^^[(cx + c/)2 + cV'^i], 
{ax + h){cx + d) + ace^^^ 
^ (cx + rf)2 + cV^i ■ ^ ' 

When we include gauging, the potential breaks the SL(2,M) global symmetry to U(l), 
with A restricted to the form 

\^sma cos a J 

This preserves the vanishing of <y9i and x as r — > oo. We can apply the symmetry to transform 
our general solution (13. ip . The metric and one scalar e'^^ = ^E^jR^ remain the same, the 
gauge potentials are simply rotated according to (13.111) . and the remaining scalars become 



X 



cos(2a) 1{my — ir)s\S2 + \ sin(2a)(rir2 + yxy^ — — y 



2) 



cos^ a (r^ + y"^) + sin^ a (rir2 + ^12/2) + sin(2a;) 2{my — ir)siS2 ' 

cos^ a (r^ + y"^) + sin^ a (rir2 + yil/2) + sin(2a) 2{my — ir)siS2 

For ungauged supergravity, it was shown in [13] how to construct dyonic Kerr(-NUT) 
solutions with a metric involving 2 charge parameters. For the simpler ungauged case corre- 
sponding to our 2 charge parameters being equal, see [30] . 
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4 Killing tensor and separability 



A rank-2 Killing-Stackel tensor is a symmetric tensor Kab that satisfies V(a-K'f)c) = 0. Charged 
and rotating supergravity black hole solutions that generalize the Kerr or Myers-Perry so- 
lution generally seem to have string frame metrics admit such tensors, and consequently 
geodesic motion in the string frame metric is completely integrable f2\. Furthermore the 
massless Klein-Gordon equation separates for the Einstein frame metric. We shall see that 
these properties continue to hold for our 2-charge solution. 



4.1 Killing tensor 

The string frame metric dS^ is related to the original Einstein frame metric ds^ by ds^ 
y/HiH^ds^. The inverse string frame metric is, including the NUT parameter, 

+ ^2 + ^2 [y r) ^<^ + r2 + y2^'- + r2 + y2^J'- ^^■'> 

The components {r"^ + y'^)g"'^ are additively separable as a function of r plus a function of y. 
For the string frame metric, a rank-2 Killing-Stackel tensor is 

a^V^ 2 2ciC2CiC2iya V^a^ 02 , a2 2 f 9 ^ 



K = K'^'dad, = —^dt- — — ^ '^d,d, + ^dl + Ydt^-y'\j-] . (4.2 



It is irreducible, i.e. is not merely a linear combination of the metric and outer products of 
Killing vectors. 

A rank-2 conformal Killing-Stackel tensor is a symmetric tensor Qab that satisfies an 
equation of the form V [aQbc) = Qiagbc), for some g^. In 4 dimensions, we can express in 
terms of Qab as = lidaQ^b + 2VfeQ^a). There is an induced rank-2 conformal Killing- 
Stackel tensor, with components Q"'^ = K""^, for any conformally related metric, in particular 
the Einstein frame metric. If is a gradient, i.e. g^ = daQ for some scalar g, then the rank-2 
conformal Killing-Stackel tensor Qab is said to be of gradient type. In this case, one may 
then construct an associated Killing-Stackel tensor Kab = Qab — qQab- Here, the problem of 
determining whether the induced Qab for the Einstein frame metric is of gradient type reduces 
to computing 



{s\ — S2)^(mr2 + 2lry — my'^){ir'^ — 2mry — £y'^ 
Hl^^Hl'^{r^ + y^f 



OrQy OyQr - ..3/2rr3/2/ n . on, " ^^-'^^ 



Therefore, for two equal charges, = 62, the Einstein frame metric possesses an irreducible 
rank-2 Killing-Stackel tensor. It can be obtained by finding that g^ = daQ, with 

2(mr + „ n , , 

« = n ( 2 1 2V + 2^"^- 

-nil,^ + y ) 

Such a tensor is known [311 [2], a^id agrees, up to a reducible Killing-Stackel tensor, with that 
constructed here. 
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4.2 Separability 



Because the string frame metric possesses a rank-2 Killing-Stackel tensor and furthermore 
satisfies the properties required for a separabihty structiire, geodesic motion in the string frame 
metric is completely integrable. We shall demonstrate this explicitly, and also demonstrate 
the separability of the Einstein frame massless Klein-Gordon equation. Note that without 
rotation, for which our y coordinate cannot be used, the enhanced isometry group guarantees 
separation of these equations. 

4.2.1 Hamilton— Jacobi equation 

The Hamiltonian for geodesic motion in the string frame metric is 

H{x\p,) = \r'PaPb, (4.5) 
where Pa are the momenta conjugate to x". Therefore, the Hamilton-Jacobi equation is 

1^9 1 

Q^ + i^r'd,Sd,S = Q, (4.6) 

where S is Hamilton's principal function, with daS = Pa = dx^/dA, and A is an affine 
parameter along the worldline of a particle. Consider the separable ansatz 

S ^^H^X-Et + L(f) + Sr{r) + Sy{y), (4.7) 

where the constants E and L are momenta conjugate to the ignorable coordinates t and 0, 
representing conserved energy and angular momentum respectively, /j, is the mass of the 
particle, satisfying p"'pa = — A*^- We therefore have 

-<.i|-|).^..c....(^4)...(|-|)<.^.^ 

dSr\ / dSy^ 



+^(7rj +^lifj +Ar' + «') = 0, (4.8) 
which is additively separable. Introducing a separation constant C, we have 

dr _ R dSr 



where 



'K2a4^2 _ 4,c^c2c{c2mraEL + V^a?L'^ - n'^r^R - CR, 
Sy^ Jdy ^^-V^a^E^ - AciC2CiC2^tyaEL - V^a?L'' - fx^y^Y + CY, (4.10) 
which determines r(A) and y{X) by quadratures. We then have 

dt (V:^ ^v\-p 2ciC2CiC2a ( mr iy\ 
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which determines t(A) and </)(A) by quadratures. 

For the Einstein frame metric, we can follow the same procedure. The only difference is 
that, in (14.81) . we replace /i^ by \^HiH2^^. Therefore, separation only occurs for null geodesies 
or if the two charges are equal. 



4.2.2 Klein-Gordon equation 

The (minimally coupled) Klein-Gordon equation for the Einstein frame metric is 



□$ = -^da{V^g''''db<l>) = /i^*. (4.12) 
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Consider the separable ansatz 



and note that 



We therefore have 



$ = $,(r)<l)j,(?/)e'('='^-'^*\ (4.13) 



dr ("^ dr ) ~^ (^y dy ('^ dy ) ' (^-l^) 

In general, only the massless Klein-Gordon equation, with /i = 0, is separable, but in the 
special case of two equal charges, with 6i = 62, the massive equation is separable [21]. The 
separated massless equations are 

1 d fj^(^^r\ -a'^V^Lo'^ - 4:CiC2CiC2amrujk + V^P _ 



Y dy \ dy J y ■ 



In general, these are Fuchsian second order ordinary differential equations with 5 regular 
singular points in the complex r or y planes, including one at infinity. However, following 
[52], we expect that it is possible to perform a transformation to factor out 1 singularity. 4 
regular singular points would remain, reducing the differential equations to the Heun equation. 



5 Conclusion 

We have presented an asymptotically AdS rotating black hole solution of 4-dimensional U(l)^ 
gauged supergravity that possesses 2 non-zero U(l) charges, and studied some of its proper- 
ties. Although there are BPS solutions, they cannot be black holes, but instead are nakedly 
singular. It would be interesting to include more charges, in order to find further AdS4 black 
holes that are supersymmetric. We also obtained more general solutions with a NUT parame- 
ter and allowed the gauge fields to be dyonic. Another parameter that we have not attempted 
to include is an acceleration parameter, which would provide generalizations of the C-metric; 
such a generalization is known in the ungauged case [B] . As expected, there are hidden sym- 
metries, with the string frame metric admitting a rank-2 Killing-Stackel tensor. It would be 
interesting to further investigate hidden symmetries of the solution along the lines of [33] . 
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